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The following is a summary of relations between quantities used in analysis of follow-up
studies. They are ubiquitous in the analysis and reporting of results. Hence it is important
to be familiar with all of them and the relation between them.

Probability

Survival function:

S(t) = P{survival at least till ¢}
= P{T>t}=1-P{T <t}=1-F(¢)

where 7' is the variable “time of death”

Conditional survival function:
S(ttentry) = P{survival at least till ¢| alive at tentry }
= S(t)/5(tentry)
Cumulative distribution function of death times (cumulative risk):
F(t) = P{death before t}
P{T <t} =1-5(t)

Density function of death times:
F(t+h)—F(t)

f(t) = limP{death in (¢,t+ h)} /h = lim = F'(t)
h—0 h—0

Intensity:

At) = llzli% P{event in (¢,t + h| | alive at t} /h

g St =S dlogS(1)
== R (3 T N TR

The intensity is also known as the hazard function, hazard rate, mortality /morbidity
rate or simply “rate”.

Note that f and X are scaled quantities, they have dimension time™!.
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Relationships between terms:

_ dlog S(?)

z - 0

S() = exp(—létkﬁodu)::expC—A@D

The quantity A(t) = fot A(s)ds is called the integrated intensity or the cumulative
rate. It is not an intensity (rate), it is dimensionless, despite its name.
_ dlog(S(t)) __S'() K1) f{t)

A(t) = &t S@#) 1-F@# S@)

The cumulative risk of an event (to time t) is:
¢
F(t) = P{Event before time ¢} = / AMu)S(u)du=1—S(t) =1—e*®
0

For small |z| (< 0.05), we have that 1 —e™* & x, so for small values of the integrated
intensity:
Cumulative risk to time ¢ ~ A(t) = Cumulative rate

Statistics

Likelihood contribution from follow up of one person:
The likelihood from a number of small pieces of follow-up from one individual is a
product of conditional probabilities:

P{event at t4] entry at to} = P{survive (to,¢;)| alive at t5} x
P{survive (t,t5) | alive at t;} x
P{survive (t,t3) | alive at to} x
P{event at t, | alive at t3}

Each term in this expression corresponds to one empirical rate

(d,y) = (#deaths, risk time), i.e. the data obtained from the follow-up of one person
in the interval of length y. Each person can contribute many empirical rates, most
with d = 0; d can only be 1 for the last empirical rate for a person.

Log-likelihood for one empirical rate (d,y):
{(X\) = log(P{d events in y follow-up time}) = dlog(\) — Ay

This is under the assumption that the rate (\) is constant over the interval that the
empirical rate refers to.

! This is a concept coined by BxC, and so is not necessarily generally recognized.
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Log-likelihood for several persons. Adding log-likelihoods from a group of persons
(only contributions with identical rates) gives:

Dlog(A\) — XY,

where Y is the total follow-up time (Y = ). y;), and D is the total number of
failures (D = ), d;), where the sums are over individuals’ contributions with the
same rate, \, for example from the same age-class for all individuals.

Note: The Poisson log-likelihood for an observation D with mean \Y is:
Dlog(\Y) =AY = Dlog(\) + Dlog(Y) — \Y

The term Dlog(Y) does not involve the parameter A, so the likelihood for an ob-
served rate (D,Y’) can be maximized by pretending that the no. of cases D is Pois-
son with mean A\Y. But this does not imply that D follows a Poisson-distribution.
It is entirely a likelihood based computational convenience. Anything that is not
likelihood based is not justified.

A linear model for the log-rate, log(A\) = X implies that
AY = exp(log(A) + log(Y)) = exp (XS + log(Y))

Therefore, in order to get a linear model for log(\) we must require that log(Y)
appear as a variable in the model for D ~ (AY’) with the regression coefficient fixed
to 1, a so-called offset-term in the linear predictor. This will not work for linear
models for the rate itself.

In R this is implemented via the offset argument in the glm family poisson. A
more intuitive modeling machinery covering linear models for both rates and log-
rates is in the poisreg family provided in the Epi package, using the pair of variables
(D,Y’) as response variable.

Competing risks

Competing risks: If there are more than one, say 3, causes of death, occurring with
(cause-specific) rates A1, A2, Az, that is:

Ae(a) = }Lir% P{death from cause cin (a,a + h| | alive at a} /h, ¢=1,2,3
—
The survival function is then:

S(a) = exp (— /0 M) 4 Mo (u) + N (w) du)

because you have to escape all 3 causes of death. The probability of dying from
cause 1 before age a (the cause-specific cumulative risk) is:

Fi(a) = P{dead from cause 1 at a} = /a A1 (u)S(u) du # 1—exp (— /a A1 (u) du)
0 0



4 Demography

The term exp(— [ Ai(u) du) is sometimes referred to as the “cause-specific sur-
vival”, but it does not have any probabilistic interpretation in the real world. It is
the survival under the assumption that only cause 1 existed and that the mortality
rate from this cause was the same as when the other causes were present too.

Together with the survival function, the cause-specific cumulative risks represent
a classification of the population at any time in those alive and those dead from
causes 1, 2 and 3 respectively:

1=25(a)+ /Oa A1(u)S(u) du + /Oa Ao (u)S(u) du + /Oa A3(u)S(u)du, Va

Subdistribution hazard Fine and Gray defined models for the so-called subdistribution
hazard, A;(a). Recall the relationship between between the hazard (\) and the
cumulative risk (F):

dlog(S(a dlog(1 — F(a
Ny - Aos(S(@) __ dlos(1 — Fla)
da da
When more competing causes of death are present the Fine and Gray idea is to use
this transformation to the cause-specific cumulative risk for cause 1, say:

fula) = - dlog(ld—a Fi(a))

Here, ), is called the subdistribution hazard; as a function of Fy(a) it depends on
the survival function S, which depends on all the cause-specific hazards:

Fi(a) = P{dead from cause 1 at a} = / A1(u)S(u) du
0

The subdistribution hazard is merely a transformation of the cause-specific cumula-
tive risk. Namely the same transformation which in the single-cause case transforms
the cumulative risk to the hazard. It is a mathematical construct that is not inter-
pretable as a hazard despite its name.

Demography

Expected residual lifetime: The expected lifetime (at birth) is simply the variable age
(a) integrated with respect to the distribution of age at death:

EL = /Ooaf(a)da
0

where f is the density of the distribution of lifetime (age at death).

The relation between the density f and the survival function S is f(a) = —S'(a),
so integration by parts gives:

EL = /000 a(—S'(a)) da = — [aS(a)]OO + /000 S(a)da

0
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The first of the resulting terms is 0 because S(a) is 0 at the upper limit and a by
definition is 0 at the lower limit.

Hence the expected lifetime can be computed as the integral of the survival function.

The expected residual lifetime at age a is calculated as the integral of the conditional
survival function for a person aged a:

EL(a) = /00 S(u)/S(a)du

Restricted mean survival time (RMST) is the expected lifetime from some origin
and restricted (censored) to a given time horizon. So the RMST at age a, restricted
to a time horizon of x years is

RMST, () / " S(w)/S(a) du

The concept is mostly used in studies of survival after some event (cancer diagno-
sis for example). RMST is then the expected lifetime within a clinically relevant
horizon.

Lifetime lost due to a disease is the difference between the expected residual lifetime
for a diseased person and a non-diseased (well) person at the same age. So all that
is needed is a(n estimate of the) survival function in each of the two groups.

LL(G) - / SWeH(u)/SWell(a) - SDiseased(u)/SDiseased(a) du

Note that the definition of the survival function for a non-diseased person requires a
decision as to whether one will consider non-diseased persons immune to the disease
in question or not. That is whether we will include the possibility of a well person
getting ill and subsequently die. This does not show up in the formulae, but is a
decision required in order to devise an estimate of Swel.

Lifetime lost by cause of death is using the fact that the difference between the sur-
vival probabilities is the same as the difference between the death probabilities. If
several causes of death (3, say) are considered then:

S(a) =1 — P{dead from cause 1 at a}
— P{dead from cause 2 at a}
— P{dead from cause 3 at a}

and hence:

Swel(@) — Spiseased(@) = P{dead from cause 1 at a| Diseased}
+ P{dead from cause 2 at a| Diseased}
+ P{dead from cause 3 at a| Diseased}
— P{dead from cause 1 at a | Well}
— P{dead from cause 2 at a| Well}
— P{dead from cause 3 at a| Well}
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So we can conveniently define the lifetime lost due to cause 2, say, by:

Lly(a) = / P{dead from cause 2 at u| Diseased & alive at a}

— P{dead from cause 2 at u| Well & alive at a} du

These quantities have the property that their sum is the total years of life lost due
to the disease:
LL(a) = LL;(a) + LLs(a) + LL3(a)

We can compute the RMST at a with a horizon of = for persons with and without
disease:

a+x
P{dead from cause 2 during = |Diseased & alive at a} = / A2, pis (1) Spis (1) / Spis (@) du
a+x
P{dead from cause 2 during x |[Well & alive at a} = / Ao el (1) Swen (1) / Swen (@) du

The difference between these is then the lifetime lost to disease in the time span a
to a+x.
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